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New, analytic solutions of relativistic viscous hydrodynamics are presented, describing expanding
fireballs with Hubble-like velocity profile and ellipsoidal symmetry, similar to fireballs created in
heavy ion collisions. We find that with these specifications, one obtains solutions where the shear
viscosity essentially does not influence the time evolution of the system, thus these solutions are
particularly adept tools to study the effect of bulk viscosity alone, which always results in a slower
decrease of energy density as well as temperature compared to the case of perfect fluid. We inves-
tigate different scenarios for the bulk viscosity and find qualitatively different effects on the time
evolution which suggests that there is a possibility to infer the value of bulk viscosity from energy
density and temperature measurements in high-energy heavy-ion collisions.
PACS numbers: 20.24, 20.25
I. INTRODUCTION
Relativistic viscous hydrodynamics is a well suited tool
to investigate the space-time evolution and transport
properties of strongly interacting quark-gluon plasma
(QGP) produced in high energy heavy ion collisions [1, 2].
There has been tremendous progress in studying the
equations of relativistic hydrodynamics in recent years,
in the perfect fluid as well as in the viscous case [3–10].
Analytical solutions, even with simple initial condi-
tions, play an important role in understanding the prop-
erties of strongly coupled expanding QCD matter. Some
of the historically relevant exact analytic solutions (such
as the Landau-Khalatnikov solution [11], Hwa-Bjorken
solution [12, 13]) gave much insight into the general fea-
tures of expansion dynamics in high energy collisions.
Further, more recent solutions include rotating expand-
ing solutions as well as a generalized equation of state.
(We name a few such solutions, in whose trail our present
work fits: the Gubser solution [14–17], the CCHK solu-
tion [18], the CNC solution [19, 20] and the CKCJ solu-
tions [21, 22].)
While nowadays there are various beautiful analytic so-
lutions at hand in the perfect fluid case, exact solutions of
relativistic hydrodynamics which take dissipative effects
(viscosity, heat conduction) into account showed consid-
erably slower progress (if at all). In part this is probably
due to the fact that the relativistic dissipative hydro-
dynamic equations are even more complex and involved
than their non-dissipative counterparts. A problem of
possibly more fundamental nature arises from the fact
that in the relativistic case even the correct form of the
basic equations is a topic not yet settled well enough. A
simple approach is to take dissipative effects as first or-
der corrections into account (such as the fluid equations
due to Eckart [23] and Landau [24]). There are various
second order equations corresponding to more realistic
physical scenarios (the most well-known among them be-
ing the Israel-Stewart theory [25]). However, because of
their increased complexity, they are less suited for a sim-
ple analytic treatment that we strive to achieve here.
Taking into account first order viscous corrections, the
bulk viscosity causes locally isotropic deviations from
perfect flow, as the bulk viscous pressure creates a di-
agonal contribution to the stress tensor. Based on the
results from AdS/CFT and lattice QCD calculations for
bulk viscosity, it was pointed out that the bulk viscosity
contribution for a high-temperature QCD medium is neg-
ligible [26]. In contrast, the bulk viscous contribution at
low temperatures, especially at those close to the critical
temperature, has an important correction effect [27].
In this paper, new three dimensional Hubble type of
analytic solutions of relativistic viscous hydrodynamics
are investigated. The calculations in this paper include
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2shear and bulk viscosity, and also heat conduction. How-
ever, we will show that the shear viscosity as well as
the thermal conductivity effects cancel for such Hubble
type velocity profiles. We investigate the temperature
and flow evolution from the presented solution in order
to study the effect of bulk viscosity.
II. BASIC EQUATIONS AND ASSUMPTIONS
Let us first summarize the notations and the equations
of viscous hydrodynamics we are using below. We work in
flat space-time: the metric is Minkowskian with the sign
convention of gµν = diag(1,−1,−1,−1). The fluid mo-
tion is described by the four-velocity field uµ (normalized
to unity, uµu
µ = 1) and the thermodynamic quantities:
the pressure p, the energy density ε, the temperature
T , the entropy density s. Below we treat solutions also
where there is a non-vanishing conserved particle num-
ber: in this case its density is denoted by n, and the
corresponding chemical potential by µ. All these quan-
tities are functions of the space-time coordinate x. We
denote the dimension of the space with d; normally d=3,
but in some formulas it is worthwhile to remember how
a particular number that is related to the dimensionality
of space occurs. For example, the trace of the Minkowski
metric tensor gµν is gµ
µ = δµµ = d+1. (We use the Ein-
stein index summation convention throughout.)
The equations of hydrodynamics are encompassed in
the condition of energy and momentum conservation,
which translates into the vanishing of the four-divergence
of the energy-momentum tensor Tµν :
∂µT
µν = 0. (1)
When writing up the first order viscous corrections to the
equations of hydrodynamics, one has to make a choice
of the definition of the four velocity (referred to as a
choice of ”frame”). We now work in the Eckart frame: we
treat the fluid velocity as that of the conserved particle
number. In this frame the form of the Tµν tensor is
Tµν = (ε+p)uµuν − pgµν + (qµuν+qνuµ) + piµν . (2)
The first two terms are the same as in the case of ideal
(ie. non-dissipative) hydrodynamics; the terms with the
qµ quantity correspond to heat conduction, while the last
term (piµν) describes viscous effects. The quantities qµ
and piµν are subject to the conditions
qµu
µ = 0, piµνu
ν = 0, (3)
and their explicit form (essentially uniquely determined
from the requirement of the law of entropy increase) is
qµ = λ(gµν−uµuν)
(
∂νT − Tuρ∂ρuν
)
, (4)
piµν = η
[
(gµρ−uµuρ)∂ρuν + (gνρ−uνuρ)∂ρuµ
]
+
+
(
ζ − 2
d
η
)
(gµν−uµuν)∂ρuρ. (5)
The thermal conductivity λ, and the shear and bulk vis-
cosity coefficients η and ζ may depend on the thermo-
dynamic quantities. In the solutions presented below,
only the bulk viscosity plays an explicit role, while the
shear viscosity and the heat conductivity effects cancel.
For this reason we do not discuss the many assumptions
on the thermal conductivity λ here, but will return to
its possible effects on our solutions after having worked
them out systematically.
The bulk viscosity ζ for realistic strongly coupled QCD
matter produced in heavy ion collisions is an open theo-
retical field under investigation (see eg. [28–31]). Many
actual model calculations (eg. [32]) show that ζ is usually
negligible in compare to η. However, in the solution pre-
sented below, the terms proportional to η vanish identi-
cally, so these solutions are well suited to study the effect
of bulk viscosity alone.
In order to find exact analytic hydrodynamic solutions,
one should proceed from simple assumptions toward more
complicated ones. When attempting to explore the effect
of bulk viscosity, in our work we start by investigating
two simple cases. One is the choice to assume ζ/s =
const., ie. treat the bulk viscosity as proportional to the
entropy density: ζ = ζ0(s/s0). The AdS/CFT approach
conjectured strong coupling limits for the specific shear
and bulk viscosity [33, 34]: ζ ' η [ 1d − c2s], where cs is
the speed of sound1. In the AdS/CFT approach, a lower
limit for the quantity η/s (where s is the entropy density)
was conjectured to be ' 1/(4pi). The actual temperature
dependence of η/s, however, is not well established; of-
ten the reasonable assumption of η/s = const. is made.
Taking these together, it seems also reasonable to assume
ζ/s = const.
An alternative simple assumption of ours is to take
ζ = ζ0 = const., ie. a bulk viscosity that remains constant
along the time evolution. This might seem oversimplified
at first sight, but taking into account that in many model
calculations (such as eg. the one presented in Ref. [28]),
the ζ/s ratio actually increases with decreasing tempera-
ture (and thus in turn during the time evolution). On the
other hand, the s entropy density decreases during time
evolution, so it is not unreasonable to investigate the ζ =
const. case, where the increase of ζ/s is compensated by
the decrease of s.
Finally, specifying the Equation of State (EoS) of the
matter closes the set of equations. In what follows, we
consider the simple equation of state
ε = κp, κ = const. (6)
1 For the equation of state where ε = κp which we will use below,
c2s = 1/κ. Note that for κ = 3 =const (ie. in the ultra-relativistic
Boltzmann gas limit) the formula for the bulk viscosity gives zero.
Indeed it is known [35] that the bulk viscosity vanishes for ultra-
relativistic monatomic gases. This fact gives a confirmation for
the mentioned conjectured form of ζ.
3When applying such calculations to the description of
experimental data, κ is understood as an average EoS,
but for our purposes here, a constant EoS is sufficient.
Proceeding further, if there is a non-vanishing conserved
density n, it obeys a continuity equation of the form
∂µ(nu
µ) = 0. (7)
We investigate two distinct possibilities for the equation
of state as well: a first case when there is a conserved par-
ticle number density n, which obeys a continuity equation
and with which the pressure can be expressed as p = nT .
The second case is when there is no conserved particle
number density, and the energy density (though of as a
thermodynamic potential function) is a function of the
s entropy density alone. From simple thermodynamic
identities one can compute the entropy density s as a
function of other variables in both cases:
ε = κp, p = nT → s = s0 n
n0
+ n ln
(
n0
n
Tκ
Tκ0
)
(8)
ε = κp, ε ≡ ε(s) → s = s0
(
T
T0
)κ
. (9)
Note the appearance of the constants n0, T0 and s0 in
the expressions of the entropy density. They arise from
the fact that in classical thermodynamics, entropy is only
meaningful up to an arbitrary additive constant2. These
constants were chosen in a way such that s = s0 when
T = T0 (and n = n0, if applicable). In line with this (and
also to preserve generality) we keep these free constants
in the expressions of s, whenever needed. Also note that
the specific form of the continuity equation for n, Eq. (7)
is characteristic to the Eckart frame: in this frame, the
fluid velocity is fixed to the current of the conserved par-
ticle number. Nevertheless, we may use the Eckart frame
also in the case when we do not consider a conserved
particle number density.
The two cases for the equation of state, coupled to-
gether with the two possibilities for the ζ(s) dependence
mentioned above, would give four cases worthy of investi-
gation. However, the case when there is conserved n and
ζ is proportional to s deserves a slight reconsideration. If
the entropy density is expressed as in Eq. (8) above, the
equations turn out to be overly complicated in this case.
Also, the assumption that ζ∝s is (at least on the quali-
tative level) based on the results from AdS/CFT corre-
spondence, which is not very meaningful for the case of
non-vanishing conserved n. So we omit this case as it is,
and investigate two analogous cases instead. Thus when
2 Only quantum statistics, with a definite value of ~ sets the en-
tropy scale. For example, in the case of photon gas, which cor-
responds to second case in Eq. (9), κ=3, and the constant is
s0/T 30 =
κ+1
κ
4σSB
c
, with c being the speed of light, and σSB
the Stefan-Boltzmann constant. The latter contains the explicit
value of ~.
there is conserved n and ζ is not constant, we solve the
equations with in two cases corresponding to additional
assumptions. One is motivated by the simple expression
of the entropy s in terms of T in the case of vanishing
n: we treat a case when in the expression of ζ we write
Eq. (9) as the expression of entropy in terms of temper-
ature. The other reconsidered assumption might be that
in massless theories, ζ/s (and for the shear viscosity, η/s)
plays the role of ”kinematic” viscosity; the ζ/s = const.
condition would thus mean that this bulk kinematic vis-
cosity is constant. In case of conserved particle number
n, the similar assumption might then be written as ζ ∝ n,
instead of s.
In summary, the five different cases investigated below
(exchanging the lastly mentioned two ones) are as follows:
• Case A: No conserved n, and constant ζ:
ζ = ζ0 (const), ε = κp, p = p0(T/T0)
κ+1. (10)
• Case B: With conserved n, and constant ζ:
ζ = ζ0 (const), ε = κp, p = nT. (11)
• Case C: No conserved n, and ζ∝s:
ζ = ζ0(T/T0)
κ, ε = κp, p = p0(T/T0)
κ+1. (12)
• Case D: With conserved n, and ζ/n =const:
ζ = ζ0(n/n0), ε = κp, p = nT. (13)
• Case E: With conserved n, and “ζ∝s”:
ζ = ζ0(T/T0)
κ, ε = κp, p = nT. (14)
Note that in the cases when there is a conserved n, we
can not assume p = p0(T/T0)
κ+1 to hold, since this would
mean s ∝ n, i.e. an adiabatic expansion, cf. Eq (8).
In the following we investigate the simple Hubble-type
relativistic flow and find solutions to the hydrodynamic
equations with bulk viscosity, separately in each cases
specified above. In the following section, we enter into
some details about how to find such solutions; the reader
who is interested in only the solutions themselves may
skip directly to Section IV.
III. SEARCHING FOR HUBBLE-LIKE
SOLUTIONS
Let us now search for exact and analytic self-similar
solutions of viscous hydrodynamics. Our starting point
is the Hubble-type ellipsoidal perfect fluid solutions of
Refs. [18, 36, 37]. The main important combinations of
the space-time coordinates are the proper time τ , defined
(inside the forward light-cone) as
τ =
√
t2−r2x−r2y−r2z . (15)
The other variable is the scaling variable S, which is de-
fined with the three time-dependent principal axes X(t),
Y (t) and Z(t) of an expanding ellipsoid as
S =
r2x
X2
+
r2y
Y 2
+
r2z
Z2
=
1
t2
(
r2x
X˙20
+
r2y
Y˙ 20
+
r2z
Z˙20
)
, (16)
4where the time evolution of the axes is given by
X(t) = X˙0t, Y (t) = Y˙0t, Z(t) = Z˙0t. (17)
The velocity field is chosen to be the simple Hubble-type
flow, which is interesting in itself: it is an asymptotic
flow profile for any point-like explosion. In this case the
flow-profile can be expressed as:
uµ =
xµ
τ
= γ
(
1,
X˙
X
rx,
Y˙
Y
ry,
Z˙
Z
rz
)
. (18)
Here γ is the Lorentz factor. Note that the time deriva-
tives of the principal axes X, Y , Z are constant in time.
It is easy to verify that the velocity field has vanishing
acceleration, as well as that the co-moving derivative of
the scaling variable S is zero:
uµ∂µS = 0, u
ν∂νu
µ = 0. (19)
It is easy to see that in any case when there is a conserved
particle number density n, the solution for its continuity
equation can be taken as the same as in solutions for
perfect fluid motion, see eg. Refs. [18, 36, 37]:
n = n0
(τ0
τ
)d
V(S), (20)
with an arbitrary V(S) function of the scaling variable.
The time dependence of the other thermodynamic
quantities will be influenced by the bulk viscosity ζ. To
proceed, one evaluates the components of the energy-
momentum tensor. Because of the special nature of the
given velocity field, both the ,,ideal” terms and those
describing viscosity turn out to be quite simple. The
resulting expression is
Tµν = ε
xµxν
τ2
−
(
p−ζ d
τ
)
·
(
gµν−xµxν
τ2
)
+
+ λ∂ρT
[xµ
τ
(
δρν−
xνx
ρ
τ2
)
+ (µ↔ν)
]
. (21)
Here again d is the dimensionality of space, d=3. Note
that (as mentioned above) all terms of piµν that would
contain the shear viscosity η indeed cancel.3
Turning to the terms of Tµν in Eq. (21) that contain
the thermal conductivity λ, we need to make some as-
sumption on λ as well. To keep the investigation of the
bulk pressure as simple as possible, from now on we will
neglect the terms that describe thermal conductivity, ie.
take λ=0. However, it will turn out that some solutions
that we find will have the property that they remain valid
solutions even for arbitrary λ6=0. We will come back to
this when discussing the actual solutions.
3 Let us also note that in case of a true 1+1 dimensional flow,
where d = 1 and uµ = (u0, u1), the shear viscosity part of the
tensor piµν identically vanishes for any uµ field, not just for the
Hubble flow specified here.
Invoking the ε = κp equality, the equation to be solved
turns out to be the following:
∂ν
{
κp
xµxν
τ2
−
(
p−ζ d
τ
)
·
(
gµν−xµxν
τ2
)}
= 0. (22)
Performing the derivations (keeping in mind that ζ may
also have a coordinate dependence) and projecting the
resulting expression in the direction of xµ as well as
pseudo-orthogonal to xµ, we arrive at the following two
equations:
d
[
(κ+1)p− ζ d
τ
]
+ κxν∂νp = 0, (23)(
gµν − xµxν
τ2
)[d
τ
∂νζ − ∂νp
]
= 0. (24)
It is easy to verify that the second one is equivalent to
the condition that p− dτ ζ is a function of τ alone, which
function we now temporarily denote by Φ(τ). In Eq. (23)
we can write xν∂ν = τ∂τ to arrive at the conditions
4:
p− d
τ
ζ = Φ(τ) arbitrary, (25)
κ∂τp+
d(κ+1)
τ
p− d
2
τ2
ζ = 0. (26)
We restrict ourselves to the case when p≡p(τ), that is,
when p depends only on τ . In Cases A and B, when
ζ=ζ0=const., this is not an additional assumption but
something that follows evidently from Eq. (25). Slightly
less evidently, but the same is true for Case C, when
ζ is not constant, but there is no conserved n particle
density5. In Cases D and E, the condition that p depends
only on τ does not necessarily follow from the equations
encountered so far. In these cases n is non-vanishing,
and ζ depends on either T or n as specified by Eqs. (13)
or (14). Allowing p to have a more general form beyond
p(τ) would make the equations so complicated that it
seems hopeless (and futile) to investigate this direction
any further; in these cases we thus assume that p ≡ p(τ).
But as soon as this is assumed, in these cases now it
also follows that T , and in turn, n can be a function of
τ alone. In particular, in Cases D and E we must take
V(S) ≡ 1 for the up to now arbitrary scaling function in
the solution for the continuity equation, Eq. (20).
The problem of finding viscous solutions with the as-
sumption of Hubble-type velocity profile has thus been
4 Here and below ∂τ is understood in the sense that it means
differentiating with respect to τ while keeping the coordinates
pseudo-orthogonal to τ fixed. One such convenient coordinate
system is e.g. the so-called spherical Rindler coordinate system:
the τ variable supplemented by η, and the two-variable n unit
space-vector, so that t = τ cosh η, and the space-like component
of xµ is expressed as r = n · τ sinh η.
5 In this Case C ζ depends only on T , which is in a one-to-one
correspondence with p, so ζ in turn depends only on p, so from
Eq. (25) we arrive at the necessary conclusion that p ≡ p(τ).
5reduced to the task of finding solutions of an ordinary
differential equation for the p(τ) function:
κ
dp
dτ
+
d(κ+1)
τ
p− d
2
τ2
ζ(p, τ) = 0, (27)
where ζ must be substituted as a function of p and τ , as
follows from the assumptions in the cases outlined in the
previous section. Below we write up the solutions for p
in each of the cases. In all of the cases, the temperature
T can be written up using the expression for p as
T = T0
(
p
p0
) 1
κ+1
in case of no conserved n, (28)
T = p/n in case of non-vanishing n. (29)
IV. SIMPLE SOLUTIONS FOR
NON-VANISHING BULK VISCOSITY
In Cases A and B, when ζ = ζ0=const., the equation
is simple to solve:
κ
dp
dτ
+
d(κ+1)
τ
p− d
2
τ2
ζ0 = 0 ⇒
⇒ p(τ) =
[
p0 − d
2
(κ+1)d− κ
ζ0
τ0
](τ0
τ
)dκ+1κ
+
+
d2
(κ+1)d− κ
ζ0
τ
. (30)
In Case C, in the expression of ζ(T ) we substitute T as
a function of p to write up the equation:
κ
dp
dτ
+
d(κ+1)
τ
p− d
2
τ2
ζ0
(
p
p0
) κ
κ+1
= 0. (31)
The solution of this equation when κ 6= d is
p(τ) = p0
{(
1 +
d2
(κ+1)(κ−d)
ζ0
p0τ0
)(τ0
τ
) d
κ −
− d
2
(κ+1)(κ−d)
ζ0
p0
1
τ
}κ+1
, (32)
while in the κ=d case it is
p(τ) = p0
[
1 +
κ
κ+1
ζ0
p0τ0
ln
τ
τ0
](τ0
τ
)κ+1
. (33)
In Case D, we have the equation as
κ
dp
dτ
+
d(κ+1)
τ
p− d
2
τ2
ζ0
(τ0
τ
)d
= 0, (34)
and the solution for κ6=d as
p(τ) =
[
p0+
d2
κ−d
ζ0
τ0
](τ0
τ
)κ+1
κ d − d
2
κ−d
ζ0
τ0
τd+10
τd+1
, (35)
Case ζ T definition asymptotics
(A) ζ0 (const) p = p0(T/T0)
κ+1 physical
(B) ζ0 (const) p = nT T (τ) →∞
(C) ζ0(T/T0)
κ p = p0(T/T0)
κ+1 physical
(D) ζ0(n/n0) p = nT physical
(E) ζ0(T/T0)
κ p = nT
conditionally
physical
TABLE I: New exact viscous hydrodynamical solutions are
summarized in this table. Here “physical” refers to all ther-
modynamical quantities decreasing to zero for τ → ∞. Case
E is physical only if κ > d and d
2(κ−1)
κ−d
ζ0
p0τ0
< 1, see more
details in the main text after Eq. (39).
while for κ=d we have
p(τ) = p0
[
1 +
ζ0κ
p0τ0
ln
τ
τ0
](τ0
τ
)κ+1
. (36)
Finally, in Case E, in ζ(T ) we substitute T expressed
through p and n: T = p/n. To this end we invoke the
solution for n, Eq. (20) with V(S) = 1. We find that in
this case the equation is
κ
dp
dτ
+
d(κ+1)
τ
p− d
2
τ2
ζ0
(
p
p0
(
τ
τ0
)d)κ
= 0, (37)
and the solution reads as
p(τ) = p0
{(
1− d
2(κ−1)
κ−d
ζ0
p0τ0
)(
τ
τ0
)dκ2−1κ
+
+
d2(κ−1)
κ−d
ζ0
p0τ0
( τ
τ0
)dκ−1}− 1κ−1
(38)
for κ6=d, while for κ=d it can be written as
p(τ) = p0
(τ0
τ
)κ+1{
1− κ(κ−1) ζ0
p0τ0
ln
τ
τ0
}− 1κ−1
. (39)
It should be noted here that in the case of κ > d (as it
is normally assumed) as well as d
2(κ−1)
κ−d
ζ0
p0τ0
< 1 (which
is fulfilled in case of a moderate ζ0 value) this solution
behaves well. If these conditions are not met (including
the κ=d exceptional case, written up separately above)
the quantity to be raised to the − 1κ−1 th power necessar-
ily becomes zero at some τ after the start of the time
evolution (τ0). Hence if the above mentioned conditions
are not met, then this solution is not physical.
Table I summarizes the general characteristics of the
solutions found so far.
Let us close this section with some general remarks.
When solving the first order differential equation (27)
for the p(τ) dependence in the different cases, a constant
of integration appears. In our previous treatment, this
constant was always chosen in a way that the p0 value
(appearing in all expressions of the p(τ) dependence) has
6the simple meaning that at τ = τ0, the pressure takes
the value p(τ0) = p0. Also, the notation of ζ0 was chosen
in a way so that at the beginning of the time evolution,
τ=τ0, the value of the bulk viscosity is ζ0 in all cases,
irrespective of whether this is an assumed constant value
throughout the evolution (as in Cases A and B) or if it
changes over time (as in Cases C, D, E).
As hinted at before, the role of the thermal conductiv-
ity λ can be investigated straightforwardly in all cases.
If (and in our framework, only if) the temperature T de-
pends only on τ , we see from the expression of the ther-
mal conductive part of the Tµν energy-momentum tensor,
Eq. (21), that all the terms containing λ cancel. (This is
a special feature of the simple Hubble-like velocity field.)
So the conclusion is that if (and only if) T ≡ T (τ), all of
our previous solutions remain valid even with arbitrary
thermal conductivity terms, ie. for any arbitrary λ 6= 0.
The fulfillment of the condition T ≡ T (τ) is not some
far-reaching further specification, but rather fits very nat-
urally to the solutions presented above. We have seen in
the paragraphs after Eq. (26) towards the end of Sec. III
that p ≡ p(τ), ie. p depends only on τ (and actually found
its expression in all cases). In Cases A and C, there is
no conserved density n, and there is a one-to-one corre-
spondence between p and T , so p ≡ p(τ) automatically
leads to T ≡ T (τ). In the other cases we have p = nT ,
and the solution for n, Eq. (20), contains an arbitrary
V(S) function of the scaling variable S. From this and
Eq. (29) we thus see that in these cases (B, D, E) the
expression of T will contain 1/V(S). So in Cases B, D,
and E, the fulfillment of the T ≡ T (τ) condition requires
that we set V(S) ≡ 1: with this, the solutions will be
valid for any type of thermal conductivity.
Given that the Hubble flow profile has no shear, the
solutions given above are valid for arbitrary shear vis-
cosity coefficients. Even if the shear viscosity coefficient
(or the kinematic viscosity, η/s) has any dependence on
the temperature T or on the number density n, the shear
viscosity effects totally cancel from these solutions. So
the solutions presented above are valid not only for any
type of heat conductivity, but also for any type of shear
viscosity as well.
Finally let us note, that the above solutions immedi-
ately show, that two of the above cases lead to unphysical
results. In Case B, while the pressure asymptotically de-
creases to zero as p ∝ τ−1, the temperature diverges if
d > 1, as p = nT and n ∝ τ−d, hence asymptotically
T ∝ τd−1. An ever increasing temperature is however
unphysical generally, in particular it is not a realistic fea-
ture for the QGP observed in relativistic heavy ion col-
lisions. Furthermore, in Case E, expression (38) for any
conceivable ζ0, p0 and τ0 values, for d = 3 and κ ≥ 1/2
(which is a quite physical condition) already the pres-
sure asymptotically increases with τ . This too is quite
unphysical. The reason for this might be explained by
noting that the (37) differential equation contains an ex-
plicit, τ -dependent, strongly increasing ,,source term”.
The increase of this last term in turn follows from the
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FIG. 1: (Color online) Temperature evolution in Case A: no
conserved n and ζ = ζ0 =const.
assumption made here, namely that the bulk viscosity
is proportional to Tκ, but T must be calculated by di-
viding p by n, and n decreases as ∝ τ−d. Taking these
together, it is indeed plausible that in this case p as well
as T diverges for τ →∞, which reflects the fact that the
assumption of Case E itself is not entirely physical.
V. ILLUSTRATION AND DISCUSSION
It is interesting to plot the time evolution of the tem-
perature as a function of proper time. In Figs. 1–3 we see
this for the physically relevant cases (Cases A, C and D).
In these plots, we vary the value of the bulk viscosity ζ0
(the constant value or the initial value, depending on the
assumed behavior of ζ). Furthermore, for comparison we
also show the time evolution corresponding to the case
of no viscosity (which was an earlier known result for the
Hubble flow and serves as a benchmark to investigate the
effects of bulk viscosity).
Of course the five scenarios laid out so far, Cases A
through E, as well as the solutions themselves, are fun-
damentally different from each other. Indeed it turns
out that in some of the cases, the temperature evolu-
tion behaves rather unphysically, while in other cases the
effects of bulk viscosity are quite moderate. One rea-
son for this difference is that the same choice for ζ0 has
completely different meanings in the different cases. The
reason for the divergence of T in Case E was explained
after Eq. (38). The reason for the increase of T in Case
B is a subtler one. In this case for τ→∞ the pressure p
tends to zero, however, the conserved density n decreases
faster. This leads to T = p/n diverging. Due to this, we
refrain from plotting the temperature evolution in Cases
B and E.
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FIG. 2: (Color online) Temperature evolution in Case C: no
conserved n, and ζ = ζ0(s/s0), entropy dependent bulk vis-
cosity.
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FIG. 3: (Color online) Temperature evolution in Case D: non-
vanishing conserved n, and ζ = ζ0(n/n0), proportional to n.
VI. SUMMARY
We have presented a new family of exact analytic so-
lutions of first-order viscous relativistic hydrodynamics.
Utilizing a simple Hubble-like velocity profile and ellip-
soidal temperature and density profile, we have obtained
a variety of solutions under different assumptions on the
overall behavior of the bulk viscosity of the fluid. A very
interesting feature of our solutions is that the effect of
the shear viscosity completely cancels; put in another
way, our solutions remain valid and do not change in the
slightest for any conceivable assumption for the shear vis-
cosity. In this way, our solutions based on the Hubble-like
velocity profile provide excellent opportunity to study the
effects of bulk viscosity (irrespective of shear viscosity).
These solutions also provide an excellent testing oppor-
tunity for the numerical solutions of relativistic viscous
hydrodynamics, where the effects of numerical viscosity
can be cross-checked against the exact solution presented
in this paper, valid for arbitrary kinematic shear viscosity
coefficients or functions. This is important because the
theoretical understanding and modeling of bulk viscosity
of the strongly interacting matter produced in heavy ion
collisions is far less developed than that of shear viscosity.
Concerning thermal conductivity (the remaining dissipa-
tive coefficient in a first-order theory), in the case when
spherical symmetry is retained, the presented solutions
also work with any assumed value of it (i.e. its effect also
cancels).
The theoretical uncertainty of bulk viscosity modeling
manifests itself not only in the predicted concrete nu-
merical values but also in the general trend of the time
evolution of the bulk viscosity (or rather, the dependence
of it on other thermodynamic parameters such as phase
transition type, pressure, temperature, etc). The differ-
ent ,,scenarios” for the evolution of bulk viscosity lead to
qualitatively different time evolution of the energy den-
sity and temperature of the expanding system. In our
work we have treated five different plausible scenarios
for the bulk viscosity and other thermodynamic proper-
ties (i.e. equation of state) of the system, and examined
the effect that bulk viscosity has on time evolution. It
indeed turned out that they are very much different; in
some cases the bulk viscosity has minimal effect, in other
cases even the smallest bulk viscosity leads to (unphys-
ical) re-heating of the system. The considered special
cases A, B, C, D and E represent specific choices for
the dependence of the bulk viscosity coefficient on the
local properties of the matter. They correspond to the
first known examples of exact solutions of relativistic fire-
ball hydrodynamics with bulk and shear viscosity. One
may expect that they all correspond to special cases of
a more general solution. Finding such a generalized so-
lution, for example for a temperature dependent speed
of sound and/or kinematic viscosity coefficients is one of
our current reseach directions.
The work written up in this paper, among the first
ones of such type according to our knowledge, represents
a first step towards unveiling analytic solutions of vis-
cous hydrodynamics. The Hubble-type velocity profile
utilized here greatly simplifies the problem at hand. Al-
though it is conceivable that a Hubble-like flow profile
fits naturally to the description of heavy-ion collisions, it
is obvious that a next research direction can be the gen-
eralization to other, more complicated velocity profiles
as well as more complicated equations of state. Also it
would be worthwhile to consider second order theories of
viscosity (such as Israel-Stewart theory). These are only
a handful of directions in which our presented work can
be developed in the future.
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